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Abstract

This paper deals with the Papapetrou—Pirani equations of motion for a spinning test
particle in general relativity. The motion of the center of mass can be represented by

the geodesic equation of an affine connection that is the sum of the Christoffel
connection and a tensor that depends on the Riemann~Christoffel curvature tensor,

the mass of the particle, its 4-velocity, and its spin tensor. The connection is not unique,
and here it is chosen to satisfy one of the basic geometrical principles of Einstein’s
unified field theory: The symmetric part of the fundamental tensor of the geometry is
specified to be the meiric tensor of general relativity. The special case of conformally flat
space-times is discussed.

1. Introduction

In view of the difficulties that have been experienced in attempts to obtain
unified field theories, it appears to be worthwhile pursuing the less ambitious
approach of attempting to write known equations in a more unified form. In
particular, one of the major problems with Einstein’s unified field theory has
been that of establishing the physical interpretations of the mathematical
quantities involved; expressing equations of general relativity in terms of
Einstein’s non-Riemannian geometry might provide information as to what inter-
pretations are possible.

The generally covariant equation of motion of a test charge in an externat
electromagnetic field, with radiation reaction neglected, has been written as the
equations of geodesics in four-dimensional Finsler space, in five-dimensional
Riemannian space (Sen, 1968, p. 85), and in a six-dimensional non-Riemannian
space (Bown, 1970). Tt has also been expressed as the geodesic equation of an
affine connection within a four-dimensional space-time having the usual
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Riemannian metric (Droz-Vincent, 1967); the connection is the sum of the
Christoffel connection and a third-rank tensor that depends on the electro-
magnetic field and on the 4-velocity and charge-to-mass ratio of the particle.
The connection is not unique, there being a class of connections having the
same geodesics; it can be chosen so that the covariant derivative of the metric
tensor with respect to the connection vanishes (Droz-Vincent, 1967), which
property is preserved if any further skew part giving no contribution to the
torsion vector is added to it. The connection can instead be chosen (Burman,
1971a, 1971b) to be an Einstein connection—a connection satisfying one of
the basic geometrical principles of the nonsymmetric unified field theory
developed by Einstein, Schrédinger, and others, namely, the condition relating
the connection to the nonsymmetric fundamental tensor. An alternative
condition can be imposed (Burman, 19714), namely, the vanishing of the
covariant derivative, with respect to the connection, of the nonsymmetric
fundamental tensor.

A considerable amount of work has been done on the relation between
spin and torsion (e.g., Hehl, 1973), In particular, Sciama (1958a, 1958b,
1961, 1962, 1964) has suggested that Einstein’s unified theory is a unification
of gravitation and spin. In view of this, it is of interest to express the motion of
a spinning particle in general relativity as the geodesic equation of an Einstein
connection.

2. Basic Theory

In general relativity matter can be described by an energy-momentum tensor
or by singularities in the field with the empty-space field equations applicable
outside the singularities (Bondi, 1959). With the former description it is easily
shown that the equation of motion of incoherent matter follows from the field
equations; in the absence of nongravitational fields the particles follow
geodesics of the Riemannian space of general relativity; in particular, this
result applies to a single test particle, as is seen by taking the density to be
proportional to a delta function (Sen, 1961; 1968 p. 20). Einstein, Infeld, and
Hoffman derived the equations of motion of gravitating particles in their total
gravitational field by using the second description (Infeld and Plebanski, 1960);
they dealt with bodies having comparable masses and moving slowly compared
with light, A different method, introduced by Fock (1964, ch. 6) and developed
by Papapetrou (1951a), brings the interiors of the bodies into account; it uses
the field equations and the condition that the covariant divergence of the energy-
momentum tensor of a body vanishes, On being applied to the simplest kind of
test particle, both methods show the path to be a geodesic.

The second method was used by Papapetrou (1951b) to investigate the motion
of a spinning test particle in the absence of nongravitational fields; the particle is
an elementary torque-free gyroscope, Equations of motion for its center of mass
and for its internal angular momentum or spin tensor (S*?) were obtained and
expressed in covariant form. These equations are not sufficient to determine all
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unknowns: There are three equations of motion for the six independent components
of the skew-symmetric spin tensor. Some conditions must be imposed on the
5% and Pirani (1956) suggested taking

upS** =0 (2.1

which will be adopted here,

Consider the four-dimensional Riemannian space-time of general relativity
with x® the coordinates and ds the interval: ds® = g, dx"dx” where (g,,,) is the
metric tensor, The speed of light in empty space will be put equal to unity. A
particle with mass m is at (x*) and has 4-velocity () = (dx"/ds). With (2.1),
Papapetrou’s equations combine to show that m is a constant of the motion and
to give

i = — (8%, + 4R¥,po PN 22)
where a dot denotes total covariant differentiation following the world-line
of the particle and (R%,, ) is the Riemann-Christoffel curvature tensor.

Let a comma denote partial differentiation and a semicolon denote covariant
differentiation with respect to the Christoffel connection. Since #* = u* 4" and

u
uby, =uf, + { } u® (2.3)

where the braces denote the Christoffel symbol of the second kind, (2.2) can
be expressed in the alternative form

dx* (Y dx®ax® 1. 1
e {ﬁ} e E oty RS

3. The Affine Connection

Consider an entity A with components defined by

Afg= {;} +Ads 3.1

where (44*5) is a third-rank tensor. The sum of a connection and a tensor of
the appropriate type is always a connection, so A is one. Covariant differentia-
tion with respect to A will be denoted by a stop. Hence

wut = u’ Wb, + A u®) (3.2)

Substituting (2.2) into (3.2), it is seen that if (4,"4) satisfies

1/.. 1
Aapﬁuau's = %(Sﬂoz + ERuapaSm) u® (3.3)
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then
Wt , =0 (3.4)

Equation (3.4) can be written in the alternative form

dx* o dx®ax?
2 + Afg T 0 (3.5)
which can be obtained directly by using (3.1) and (3.3) to eliminate the
Christoffel symbol from (2.4). Equation (3.4) is the equation of the geodesics
of the affine connection A: The paths of spinning test particles can be described
by such geodesics,
From the general expression for a covariant derivative it follows that

Suv.p = Euvip — Auvp - Avpcp (3'6)
Hence if Aygy = —Apyy, then
Suw.p =0 (3.7)
Equation (3.3) is satisfied if
A BB = ! S M 1 L Qpo 38
o gU "_”7‘1 Set +'2"Rapch ()

where use has been made of the skew-symmetry of the spin tensor and the
skew-symmetry of the Riemann-Christoffel tensor in its first two indices.
Now choose (4,") to have the form given by

Adts = Btug (3.9)

with (By,) a skew-symmetric second rank tensor; (3.7) is satisfied. Since
uu” = 1, the condition (3.8) becomes

1(. 1
B =—— (Sof‘ + ERa“paS"") (3.10)

thus (B, ) is skew, as required.

That is, the equation of motion of the center of mass of a spinning test
particle in general relativity can be expressed in the form of the geodesic
equation of an affine connection A with components given by

A O
Dolg= { .3} - (saﬂ +§Ra“p0S”°) ug (3.11)
Q

This connection satisfies the condition g,,,, , = 0. The torsion vector of A is
given by

A;\ EA{}\GO-] (3123)
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1. 1
= (SM + ERMQOS"") u’ (3.12b)

Comparison of (3.12b) with (2.2) shows that the torsion vector is proportional
to the effective 4-force acting on the particle. Proportionality of the 4-force with
the torsion vector of the relevant connection has also been found for certain
other equations of motion when the corresponding affine connections are
required to satisfy g, , = 0, namely, that for a test particle acted on by a field
with an energy-momentum tensor (7}, ) satisfying , T*",,, = 0 (Burman, 1970),
which includes the case of a test charge in an electromagnetic field, and that
for a charged particle when electromagnetic radiation reaction is included (Burman,
1971c).

If (V) is a vector and (G*g) is a tensor that is skew in its first and last
indices, then the quantities

Dls = Agt's + 28, V) + G (3.13)

form a connection D with the same geodesics as A (Schrédinger, 1950, p. 55).
Let a colon denote covariant differentiation with respect to D; in particular,

Buvip T Buvp — 8eaDup — gpaDvap (3.14a)
= &uw.p — 28w Vo — 280 V) — 2Curo (3.14b)

Consider the vector ((,) given by
G =G =~ (3.15)

If (Gyyg) is skew-symmetric in its first two indices, then ((,) vanishes; if in
addition (V) vanishes, then from (3.14b) g,,.. , = g, ,- The geodesics of a
connection are unaffected by its skew part. The connection A defined by (3.11)
is nonsymmetric, as it must be for the condition g, , = 0 to hold: The tensor
(G#p) that would cancel with the skew part of A has a nonzero associated
vector (G, ), equal to —(A,), and so (3.15) shows that (C,,,5) would not be skew
in its first two indices; it will be shown later that such an addition is not
admissible.

A preliminary note covering some of the work presented in this section has
appeared previously (Burman, 19714d).

4. The Einstein Connection

4.1. Einsteinian Geometry. let (g,,) now denote a nonsymmetric tensor
field, called the fundamental tensor, and write &, for g,y and ky,, for g,y
Round and square brackets around indices will denote symmetric and skew
parts taken with respect to the indices immediately inside the brackets. Let
indices other than those of the fundamental tensor be raised and lowered by
using A,,,, and #*”, where the contravariant components 4" are defined by

k™ = 8,7 @1
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The contravariant components g*” of the fundamental tensor are defined by

e = gng™ = 8 (4.2)
Compare the conditions

Buv.p =0 4.3)

and
8uyvp =0 “4)

where

Buv.p = 8uvp — 8w’y — BualV™s (4.5)

and
Busvp =& — 8Ly "p — 8ualp v (4.6)

in which T is a nonsymmetric affine connection. The definitions (4.5) and
(4.6) differ only through the orders of the indices » and p in their last terms,
Fquation (4.4), a basic geometrical principle of the unified field theory
developed by Einstein and Schrodinger, has been studied in great detail by
Hiavaty (1958); other authors have obtained solutions in various forms.

It has been shown (Hlavaty, 1958, p. 58) that the requirements for the
existence and uniqueness of a solution of (4.4) do not impose any restriction
in the form of an equation on the components g,,. A necessary condition for
(4.3) to have a solution is that (Hlavaty, 1958, p. 48) det(g,,,)/det(h,) and
det(k,,)/det(h,,) must both be constant. Thus the condition (4.4) produces a
more flexible theory than (4.3).

Consider a connection I' with components written in the form

Fauﬁ = {OI;;} + Uuaﬁ + Sczﬁ“ (4'7)

where the Christoffel symbols are defined in terms of (h,,), (Sy") is the
torsion tensor of T,

Saﬁ‘u = F{Oftﬁ] 4.8)
and
U“aﬁ = 25“@"]65),, 4.9

It has been shown (Hlavaty, 1958, p. 52) that if (4.4) has a solution T, then it
must be of the form described by (4.7), (4.8), and (4.9). Equation (4.9) implies
that (Hlavaty, 1958, p. 62)

Upg t Upn + Uy =0 (4.10)

—another theorem for use below.
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4.2. Ar Einstein Connection. Since the geodesics of a connection are
unaffected by a transformation of the form (3.13), it is of interest to attempt
to find a connection D, related by such a transformation to A defined by (3.11),
that will satisfy a condition of the type (4.4). The tensor () is specified to
be the Riemannian metric tensor of general relativity, so the Christoffel symbols
in (3.11) and (4.7) are the same and (R%,, ) denotes the Riemann-Christoffel
curvature tensor of (&,,). It is seen that D can be written in the form given by
4.7y with

U ,uaﬁ = B(oz””ﬁ) + 25@” Vﬁ) (4.1 1)

where B, is given by (3.10), and with some suitable skew-symmetric tensor
chosen for (Sys"). Taking

Sagt = % Bugl* 4.12)
where (L*) is some vector, (4.9), (4.11), and (4.12) give
Ben@kgyo — g)) = 2y(aVp) @.13)
If Vg is put equal to zero, (4.13) is satisfied if

kgL = ug (4.14)
Taking det(k,, ) to be nonzero, (4.14) implies that
LF = Eoy, (4.15)
where (k") is defined by
k¥%kgg = 86" (4.16)
With ¥* =0 and L* given by (4.15), equations (4.11) and (4.12) become
Utap = Bautg) (4.17)
and
Seg™ = —3 Bogh*u, (4.18)
So

This has the same symmetric part as A: Only the torsion is different, and that does
not affect the geodesics. The torsion vector of D is given by

S = Sor” (4.202)

= 1B, K", (4.20b)
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Using (3.10), equations (4.17), (4.18), (4.19) and (4.20b) become

-1 .
Ukap = — (S + 3 Rio"poS*" Yt @.21)
1 . .
Sag” = m (Sap + %RQBMS" Yk T, (4.22)
u M 1 . dolp 4 o . . O
Do"g = of T m (5" 2R 5o 5" Jug)y + 3 (Sap + 3RappaS*0)K Uy
4.23)
and
1 .. -
Sa = 2—m (Sar * %Row,caspg)kfﬁus 4.24)

4.3. Uniqueness. Any tensor with components of the form 28, Xpy + Tyg",
where (X, ) is a vector and the tensor (7, ) is skew in its first two indices, can
be added to D without affecting its geodesics, But for the resulting affinity to
satisfy (4.4), the added terms must satisfy an equation of the form of (4.9) and
hence an equation like (4.10). Substituting 26{, Xy for Uz in (4.10) leads to

h)\po + hm,X)\ + kav =0

Raising v and then contracting over A and v shows that X, must vanish. Hence
(4.9) implies that
T“(avk‘g),, =0 (425)

So the affinity D given by (4.23) is arbitrary up to the addition of a tensor
(Tg") which is skew in its first two indices and satisfies (4.25). The condition
(4.25) has arisen previously, in the problem of the representation of the motion
of charged particles in electromagnetic fields as geodesics of an Einstein
connection (Burman, 1971b).

Let (Hlavaty, 1958)

det(k,
= detgh::; (4.262)
K= Skogk®® (4.26b)
D=K? -k (4.26¢)
Ok? = by b (4.26d)
and
Keon = %7(@%@) )mewwk?‘” (4.26¢)
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where 1 is the sign of a certain determinant and the indicator (e»,) is 2 totally
skew tensor density of weight —1 having the components 1, —1, or 0 according
as the indices form an even permutation, an odd permutation, or no permuta-
tion of the numbers 1, 2, 3, and 4. Following Hlavaty (1958) take (g,,) to be
real and its determinant to be negative; (i, ) has the signature (+++—), so
det(hy,) < 0; (hy,) is the metric tensor; (k) is not zero. Under these specifica-
tions, the condition (4.25) has been investigated (Burman, 1972) for the case

in which k # 0. It was found that T} ,” can be expressed in the form

T =M, T, 4.27)
where
—2DMy," = k8 a8y + Dy Pk
+ KO Phy)” + Prp°870) + 5Kk T K + kpy k%)
+3(K? + DYr, "% + 5(K? — D) I k° (4.28)
and
T = Tho’ (4.29)

Thus the Einstein connection representing the equation of motion (2.2) is non-
unique to the extent of the addition of a third-rank tensor (T}, ), skew in its
first two indices, which is specified in terms of an arbitrary vector by (4.27)
with (4.28).

In Einstein’s unified field theory, one of the field equations is the require-
ment that the torsion vector of the connection must vanish. If this condition
is imposed on the Einstein connection representing the equation of motion
(2.2), then under the conditions specified above that connection is unique:
T, must equal —5,, so that, using (4.24),

Tug" = —Mos"*S, (4.302)

-1 . )
= @Maﬂw Sor + 3 Rypmys ST K™ U, (4.30b)

4.4, The Skew Part of the Fundamental Tensor. The symmetric part of the
fundamental tensor has been taken to be the metric tensor, but little has been
said about (k,, ). In this subsection some equations that (k,,) must satisfy will
be derived.

A number of theorems will now be stated: First (Hlavaty, 1958, Theorem 2.3)

28iour = Koo — 4Ua,,[ukw}d‘ {4.31)
where

Kw;w = Evpsw + Swriu + Beopzw (4-32)
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Second (Burman, 1971a)

Kuvp + 2k U0 = 28p[0u) (4.33)
Third (Hlavaty, 1958, p. 61),
kuvp * Koo t Kopw = —2(Supp + Sopu + Souw) 4.34)
Fourth (Hlavaty, 1958, p. 67)
Sn= ke +2Ud% — Upke’ (4.35)
where U, = U%,,.
Replace (4.18) by
Sag = —% Bagk*u, + Togt (4.36)
where (T,") has been defined above. Equations (4.17) and (4.36) give
Uy = 3By u® 4.37)
and
S\ = =3By k™u, + Ty, (4.38)

respectively; note that (U, ) is proportional to the effective 4-force acting on
the particle, Substituting (4.17) and (4.36) into first (4.31) and then (4.33)
results in

Fopseo * Keow + Keousp = 2Boatify + Bluathy)kes]™ — Buouks U + 2T (4.39)
and

Kuip + kppa By %o + B 1) + By (vku19ug = 2T )] (4.40)
respectively, Substituting (4.36) into (4.34) gives

Kuw,p t Ko +kypu = (Buvz'po t Bpukvg + va%ug)“o

— 2Ty + T + Tipy) (4.41)
Substituting (4.17), (4.37), and (4.38) into (4.35) gives
k&0 B okn™ — Bpltgyka’ + 5 Broku, = T (4.42)

Equations (4.39)-(4.42) are four partial differential equations relating the skew
part of the fundamental tensor to the physical quantitiesm, (u,), (S,,), and

(va,oo )
if the torsion vector is required to vanish, then (4.42) reduces to

k)\a;a + Byt %l — B(}\aua)kaa =0 (4.43)

5. Conformally Flat Space-Times

In a conformally flat space-time, g, can be expressed as ewnw, where (n,,)
is the metric tensor of flat space-time and  is a function of the x¥. Also
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(Petrov, 1969, Section 34)

Ro%ys =84, ¥,51¥.6 — V50,8 — 26160V, ¥,r)

+ naanﬂ[‘y(w,ﬁ],a - %\b,a] l;b,a) (5'1)
With (5.1), using the skew symmetry of (S**),
3 Ropys S = (V0,10 — 2¥,0¥,1)S51" — 4Y,0¥ "Sap (5:2)
This gives, using the condition (2.1),
%Raﬁ'ysgyauﬁ = %(%w,ow,ﬁ - W,G,B)Saguc (5.3)
—~hence (2.2) is specialized to conformally flat space-times, If
kp,oz,a = %‘p,a\}/,o (S -4)

then the part of the effective 4-force that depends explicitly on the Riemann-
Christoffel tensor vanishes,

The equation of motion (2.2) depends explicitly on the curvature tensor,
and it is of interest to compare this dependence with that in another equation
of motion that involves the curvature tensor. DeWitt and Brehme (1960) and
Hobbs (1968a, b) investigated the motion of a nonspinning charged particle
in an electromagnetic field in a Riemannian space of arbitrary hyperbolic
metric, with the effect of electromagnetic radiation reaction included. The
resulting equation of motion consists of the generally covariant form of the
Lorentz-Dirac equation, together with extra force terms. The extra terms arise
from fields that originate at the charge and are propagated back by the scattering
effects of the space-time curvature: Huygen’s principle fails in curved space-
time. The force term found by DeWitt and Brehme is nonlocal in time, but does
not depend explicitly on the curvature tensor; the term found by Hobbs contains
the Ricei tensor, So the equation of motion contrasts with (2.2) which involves
the full Riemann-Christoffe] tensor, For the DeWitt- Brehme-Hobbs equation,
the force term found by DeWitt and Brehme vanishes in conformally flat space-
times; that found by Hobbs vanishes in conformally flat space-times satisfying
(5.4). So in conformally flat space-times obeying (5.4), the curvature tensor, in
its full or contracted forms, does not explicitly enter either the DeWitt-Brehme-
Hobbs or Papapetrou-Pirani equations of motion: The equations have the same
forms as in Minkowski space.

Conformally flat spaces that satisfy (5.4) have been discussed by Laugwitz
(1965, Section 12.5). When (5.4) is satisfied, (5.1) becomes

Rogys = 2Kgui48518 (5.9)
where
K= _%g(nlp,ow,r (5.6)

—the Riemann-Christoffel tensor has the form for a space-time of constant
Riemannian curvature K; in general relativity, the space-time must therefore
be de Sitter space (Synge, 1960, p. 256).



222 BURMAN

Using (5.2), equations (3.11) and (3.12b) become

v | -
Aa#ﬁ = hlw {Olﬁ} ”% [Sau + (w,o,[a - %w,aw,[oc)sulo - %‘[/,ad/ ’aSa,u] Ug

G7)
and, using the condition (2.1),
-1 .
Ay = o s + (Vo n — 30,00, (2)S0 °Jul” (58)
If (5.4) is satisfied, then
H 1.
Aozgﬁ' = } —— (8"~ %w,ow’gsa#)uﬁ (5.9
apj m
and
=1
A= %Smu (5.10)

Using (5.2), equations (4.23) and (4.24) become

M 1
Dty = — — [S* + 3 0, — 3V 0¥, @)SHT
of m

e L U2 e 1R VE NIy SURRVEA g [N
b gt o~ 300105017~ 49,00 S B0, (5.10)
and
Sa= 5 Bar + W fo = 10,081~ 40,00 Sl K5 (5.12)

If (5.4) is satisfied, then

M 1 .. 1 . -
D&“{i = {aﬁ} _% (S(au - %‘:[",0‘1&’08(&“)“;6) + z_njz(saﬁ - %:‘:b,aﬁb’asaﬁ)kuTuf
(5.13)

and

1 -
Sa = m (Ser — %w,aw’osar)kwu{i (5.14)

Using (5.2), equation (4.30b), which is valid if the torsion vector of the
Finstein connection is chosen to vanish, becomes

-1 ; .
Tog = 5~ Mg [Sys + (V,0,0y — 19,69,1) 551" = 9,005, 1 B2 (5.15)
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If (5.4) is satisfied, then (5.15) reduces to

-1 - -
Tag = 5 Mag"(Syo — 40,00 "Sy JE i (5.16)

6. Concluding Remarks

Hiavaty built his treatment of Einstein’s unified field theory on three basic
principles. Principle A asserts that the unified field of gravitation and electro-
magnetism is determined by 16 potentials, which are the components of a real
second-rank nonsymmetric tensor field (g, ); the symmetric and skew parts are
denoted by (A,,) and (k,). This principle relates to the algebraic structure
imposed on the four-dimensional space-time by (g,,): Hlavaty classified space-
time, or either of the tensor fields (g,,) and (k,), into first, second, and third
classes, according as none, two, or all four of the eigenvalues of (k") vanish.

Principle B asserts that the potentials g, determine the curvature and torsion
of space-time: The tensor (g,,) imposes a structure on the differential geometry
of space-time through the connection I, which is defined in terms of (g,,) by
the set of 64 equations

Buw_.p =0 (6.1)

For a given fundamental tensor (g,,), the set (6.1) can have no solutions,

a unique solution, or more than one solution. In four dimensions, with (g,,)

real and with (f,,) having the signature (+++—), necessary and sufficient
conditions for the existence and uniqueness of a solution of (6.1) are (Hlavaty,
1958) g # 0 and g(g — 2) # O for the first and second classes, respectively,
where g = det(g,, )/det(h,,); for the third class, there is always a unique solution.
Hlavaty solved (6.1) to obtain I in tensorial form, in terms of the g, and

their first covariant derivatives with respect to the Christoffel connection of
(hyw); he investigated all three classes including singular cases.

Principle C asserts that (g,,) is a solution of a system of differential equa-
tions, the field equations, which impose conditions on the curvature and
torsion of space-time. The procedure is to substitute a solution of (6.1)
into the definition of the curvature tensor (Ry,") of T, thus obtaining
(Reou”) in terms of the g, and their first two derivatives. The tensor (g,,)
is then to be obtained from the field equations, as is the identification of the
gravitational and electromagnetic fields in terms of the g,,,. Various sets of
possible field equations have been proposed, including several sets that have
in common the equations

Iy=0 (6.2)

The motion of a spinning test particle in the Riemannian space-time of
general relativity, with nongravitational fields neglected, can be described by
the geodesic equation of an affine connection. The connection is the sum of
the usual Christoffel connection and a tensor that depends on the Riemann-
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Christoffel curvature tensor and on the particle’s mass, 4-velocity, and spin
tensor. In this paper, the connection has been chosen so as to satisfy the basic
geometrical principle (6.1) of the Einstein-Schrddinger unified field theory.,
The symmetric part of the fundamental tensor has been put equal to the
metric tensor of general relativity, and attention has been restricted to fields
(%) of the first class; (k) has not been specified, but differential equations
relating it to physical quantities have been found. The resulting Einstein
connection has been found to be arbitrary to the extent that the torsion vector
can be freely specified. In the unified field theory, the field equations (6.2)
state that the torsion vector of the connection vanishes. If this condition is
imposed on the Einstein connection obtained here, then that connection is
unique.

The problem of satisfying further field equations, and that of identifying
(ky)in terms of physical quantities, remain to be investigated, as do the
problems of dealing with fields (k,,) of the second and third classes and
singular cases and of removing the specification that the symmetric part of
the fundamental tensor must be the metric tensor of general relativity.,

The Einstein connection obtained in this paper is not an external property
of space-time, independent of the test particle, but depends on the particle’s
mass, 4-velocity, and spin tensor. This may be physically interpreted to mean
that the particle generates, on its own world-line, a modification of the space-
time geometry. This interpretation has been suggested by Quale (1972) and
Cohn {1972), who investigated the geodesic representation of the motion of
a particle moving under electromagnetic and other forces. The dependence
of the connection on the 4-velocity of the particle concerned suggests the
problems of formulating the theory in phase space and Finsler space.
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